Abstract. In this short note, we give large counterexamples to natural questions about certain order polytopes, in particular, Gelfand-Tsetlin polytopes. Several of the counterexamples are too large to be discovered via a brute-force computer search.
Introduction
It is nowadays easy to make conjectures based on extensive computer evidence. This note gives several examples where the brute-force approach yield strong support for natural conjectures, but turns out to fail in higher dimensions.
There is a long-standing open conjecture regarding Kostka numbers, with plenty of computational support. It is conjectured, [KTT04] that the map k → K kλ/kµ,kw is a polynomial with non-negative coefficients. In particular, this conjecture implies that the Ehrhart polynomial of the Birkhoff polytopes (defined as the convex hull of all n × n permutation matrices) has non-negative coefficients -also an open problem.
The Kostka coefficients can be computed by counting the lattice points in the intersection of a hyperplane defined by w and the Gelfand-Tsetlin polytope G λ/µ . It is therefore natural to study the Ehrhart polynomial of other restrictions of G λ/µ . In Example 2, we give an example of a face of a certain G λ/µ with a negative coefficient. The example is too large to be discovered by brute force computer search, suggesting that eventual counterexamples to the Koskta numbers conjecture is of a similar nature.
One can show that the Gelfand-Tsetlin polytopes G λ/µ have the integer decomposition property (IDP), and that certain intersections with hyperplanes also give rise to this property, see [Ale16] . We present a large (carefully constructed) counterexample to a natural conjecture in this setting.
A few recent papers present conjectures regarding the IDP and Ehrhart coefficients, see [BDS16] and [HOT16] . The latter regards lecture hall polytopes, which are closely related to the polytopes we consider below in Example 3, suggesting that possible counterexamples to conjectures in [HOT16] only occur in high dimensions.
Specifying the multiset of hooks gives very strong restrictions on a Young diagram, and therefore, a related order polytope. We show that the multiset of hooks of a Young diagram does not determine the Ehrhart polynomial of the order polytope -even though the multiset determines the leading coefficient. A similar example is provided for trees.
1.1. Order polytopes. We follow the terminology in [Sta86, Sta11] . Given a partial order P on the set [n], we associate a polytope O(P ), called the order polytope of P . It is the polytope in R n defined via the inequalities
There is a slight generalization of order polytopes, called marked order polytopes, see e.g., [ABS11] , where we replace the conditions 0
where the a i and b i are fixed constants. We will mostly be concerned with a special case of marked order polytopes, the Gelfand-Tsetlin polytopes, which we define below.
One property worth mentioning is that all marked order polytopes with integer boundary conditions a i and b i , are integral, i.e., all vertices are integer lattice points. In fact, integral marked order polytopes admit a unimodular triangulation -a triangulation into simplices with integer vertices, all having normalized volume 1. To sketch a proof of the latter statement, suppose that the polytope is in R n and consider the hyperplanes
The cube with vertices in {0, 1} n is partitioned into n! unimodular simplices by these hyperplanes, implying that (2) determines a unimodular triangulation of R n . Finally note that the defining hyperplanes of a marked order polytope is a subset of the hyperplanes in (2).
1.2. Gelfand-Tsetlin polytopes. Gelfand-Tsetlin polytopes were first introduced in [GT50] . Consider a parallelogram arrangement of non-negative numbers,
where the entries must satisfy the inequalities
for all values of i, j where the indexing is defined. Note that horizontal rows and down-right diagonals are weakly decreasing, while down-left diagonals are weakly increasing.
Let λ ⊃ µ be partitions and fix the top and bottom rows in the diagram to be λ and µ, i.e., x In the case µ is the empty partition, many of the entries in the parallel arrangement are forced to be 0. It suffices to keep track of the triangular pattern
where the top row is fixed to be λ. We denote this polytope G λ .
1.3. Ehrhart polynomial. Given a polytope P ⊂ R n with integer vertices, the Ehrhart polynomial ehr P (n) is the function defined as
In other words, ehr P (n) counts the number of lattice points in the nth dilate of P. Ehrhart showed that this is a polynomial in n.
We will use the notation ehr λ/µ (n) or simply ehr λ (n) to denote the Ehrhart polynomials associated with G λ/µ and G λ , respectively. One can show that
where s λ/µ (x) is the skew Schur function and 1 m = (1, 1, . . . , 1) with m ones and nλ is interpreted as elementwise multiplication. Remember, m + 1 is the number of rows in the parallelogram arrangement defining the Gelfand-Tsetlin polytope.
Order polytopes and faces of Gelfand-Tsetlin polytopes
Now we are ready to give the first counterexample to a reasonable conjecture. An exhaustive search on the computer verifies that all order polytopes with dimension ≤ 7 have no negative coefficients in their Ehrhart polynomials. polytope has Ehrhart polynomial given by ehr(n) = n+1 j=1 j ℓ . This expression can be evaluated using a computer algebra system and for ℓ = 20 we get
For ℓ < 20, all coefficients are non-negative. Note that even using state-of-the-art lattice point counting software such as lattE to determine the Ehrhart polynomial of this order polytope is out of reach due to the high dimension.
Note: This construction more or less appear in [Sta11, Figure 3 .87] and should be attributed to R. Stanley [Sta15] .
It is easy to see from the Weyl character formula that for a non-skew shape λ, the Ehrhart polynomial ehr λ (n) has non-negative coefficients. A natural question is then to consider faces of Gelfand-Tsetlin polytopes.
Faces of Gelfand-Tsetlin polytopes are obtained by forcing some of the inequalities in Eq. (3) to be equalities. Such faces appear in many places in representation theory and algebraic combinatorics. For example, certain faces are responsible for generating key polynomials, see [KST12] , and they are also in correspondence with so called rc-graphs and pipe dreams, see [KM05] . Flagged Schur polynomials can be computed as a sum over lattice points in certain faces of Gelfand-Tsetlin polytopes.
We can use the previous example to construct a face of a Gelfand-Tsetlin polytope G λ , such that a certain face has a negative coefficient in the Ehrhart polynomial.
Example 2. We can construct a one-parameter family of faces of Gelfand-Tsetlin polytopes with top row given by λ = (1 ℓ , 0 ℓ+1 ):
. . .
There are two shaded regions and one larger unshaded region, where all entries within each respective region are all forced to be equal. These conditions determine a face. Note that all entries within the leftmost shaded region are all equal to 1, while all variables in the rightmost region are equal to 0. Lattice points in this face are in clear bijection with lattice points in the order polytope in Example 1, so for ℓ = 20, the Ehrhart polynomial has a negative coefficient.
Partition polytope and a large GT counterexample
As in the previous section, we first construct a counterexample in a simpler setting, which is then transferred to a statement about Gelfand-Tsetlin polytopes. The property we consider in this section is the integer decomposition property.
An integral polytope
One can show the following series of implications for a polytope P; P has a unimodular triangulation =⇒ P has the IDP =⇒ P is integral. 
so it is clear that p ∈ 2 · P 18,9 . However, an exhaustive search on the computer shows that p cannot be expressed as a sum of two lattice points in P 18,9 .
The point p above is not the only point in 2 · P 18,9 that cannot be expressed as a sum of two integer points in P 18,9 -another such point is (6, 6, 5, 5, 5, 4, 2, 2, 1).
Note that each row in a Gelfand-Tsetlin pattern is a partition. Let us add an extra restriction on Gelfand-Tsetlin polytopes, and let G λ/µ,w denote the polytope consisting of all points satisfying Eq. (3), with the additional condition that the entries in row i sum up to w i . Here, w is an integer vector with m rows. The polytopes G λ/µ,w are in general no longer integral, a fact first pointed out in [KTT04] , and further extended in [LM04, LM06, Ale16].
Since Gelfand-Tsetlin polytopes have nice properties with respect to unimodular triangulations and the IDP, it is natural to ask if similar properties hold for G λ/µ,w . In fact, in [Ale16] we show that G λ/µ,1 m always has a unimodular triangulation whenever it is integral.
Can we do something in the non-integral case? By using Example 3 as a starting point, we can show the following statement: 2, 4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 16, 18, 20, 22, 23, 25, 27, 28) . We cannot write G as as sum of two integral GT-patterns in G * λ/µ,w , since that would, in particular, express the partition in row 15 (entries in bold) as a sum of two only two integer partitions with size 18 and 9 parts. This is impossible due to Example 3.
Here is how the full example was constructed. The starting point is Example 3, which guarantees that G is not a sum of two GT-patterns in G * λ/µ,w . The idea is to extend the four partitions in Eq. (4) to GT-patterns. Note that there are several restrictions: the inequalities in Eq. (3) have to be satisfied and all four GT-patterns must have the same parameters λ/µ and w. Finally, G 1 + · · · + G 4 has to result in a GT-pattern with only even entries.
With these restrictions, starting from Example 3 and extending the partitions row by row by a computer search, eventually leads to the above example. Note that this approach is not guaranteed to work in general -using the other point, (6, 6, 5, 5, 5, 4, 2, 2, 1) in 2 · P 18,9 with a similar setup is impossible to extend to a full example.
Remark 6. It is known (see [Ras04] ) that the polytope G λ/µ,w always has a polynomial Ehrhart functions, despite not being integral in general. Lattice points in G λ/µ,w are enumerated by the skew Kostka coefficient, K λ/µ,w . It is conjectured in [KTT04] that the function n → K nλ/nµ,nw is a polynomial with non-negative coefficients. Equivalently, the conjecture states that G λ/µ,w has an Ehrhart polynomial with non-negative coefficients.
In the light of Example 2, it might be that eventual counterexamples to the Kostka coefficient conjecture only appear in extremely (≥ 200) high dimensions.
Hooks, volume and lattice point enumeration
We now leave the Gelfand-Tsetlin polytopes and focus on certain order polytopes.
Let P be a partial order on [n] . A linear extension of P is a permutation π such that π(i) < π(j) if i < P j. Counting linear extensions of posets is #P -hard in general, [BW91] but for some posets there are efficient formulas.
Given a partition λ, we construct a poset P λ presenting its Hasse diagram as the Ferrers diagram of shape λ rotated 135
• , see Example 8 below where covering relations for two such posets are illustrated. Linear extensions of P λ correspond to standard Young tableaux of shape λ. Since P λ defines an order polytope, it follows from [Sta86] that the number of linear extensions of P λ is the same as the normalized volume of O(P λ ).
We know that the number of linear extensions of P λ can be computed using the Hook formula, [FdBRT54] :
Theorem 7 (Hook formula).
We define the hook hook λ ((i, j)) as λ i + λ ′ j − i − j + 1. The hooks appear as vertex labels in the diagrams in Example 8.
Furthermore, the volume of a polytope is determined by the leading coefficient in its Ehrhart polynomial. It is therefore natural to ask if we can determine the entire Ehrhart polynomial of O(P λ ) from the multiset of hooks of the diagram λ. Example 8. Consider the diagrams λ = (8, 5, 4) and µ = (7, 7, 2, 1). These diagrams have the same multiset of hooks (indicated by vertex labels) and thus the volume of O(P λ ) and O(P µ ) coincide. 
where
.
One can ask if the multiset of hooks perhaps determine other properties of O(P λ ). In light off Example 8, it is rather surprising that for any λ, the Ehrhart polynomial of the restriction P λ ∩ {(x 1 , . . . , x n ) ∈ R n : x 1 + . . . + x n = 1} (5) is determined by the multiset of hooks. This is proved in [Pak01, Lemma 1], which restates the Hook Content Formula as an equality between lattice point cardinalities.
There is a similar hook formula for counting the number of linear extensions of trees, see [Knu98] . Here, hook values are simply given by subtree size.
Example 9. The trees T and T ′ have the same multiset of hooks but different Ehrhart polynomials. Each node v is decorated by its hook value -the size of the subtree with root v. where F (n) = (n+1)(n+2)(n+3)(n+4)(n+5) 3632428800
Note that it is enough to notice that ehr O(T ) (1) = ehr O(T ′ ) (1) to deduce that the Ehrhart polynomials are different. This computation can be done by brute force. To compute the full Ehrhart polynomial, more sophisticated software such as lattE is required.
By combining the result in [BW89] and the theory of P -partitions by Stanley [Sta11] , one obtains the analogous statement of (5) for trees.
